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I ABSTRACT 

I I n  the  a n a l y s i s  of experimental data,  many of the  d i s t r i b u t i o n s  
encountered a r e  the  r e s u l t  of combining two o r  more s e p a r a t e  component 
d i s t r i b u t i o n s .  Est imat ion i n  these compound o r  mixed d i s t r i b u t i o n s  i s  
the re fo re  of p a r t i c u l a r  i n t e r e s t  t o  aerospace s c i e n t i s t s .  Est imators  
are der ived f o r  the  parameters of a compound Poisson d i s t r i b u t i o n  wi th  
p r o b a b i l i t y  d e n s i t y  func t ion  , 

and f o r  a compound exponent ia l  d i s t r i b u t i o n  wi th  p r o b a b i l i t y  d e n s i t y  
func t ion  

where a is  the  p r o p o r t i o n a l i t y  f ac to r  (0 5 a 6 1 )  and where p and A a r e  
component parameters.  I n  add i t ion  t o  the more genera l  case i n  which a l l  
parameters m u s t  be es t imated from sample da t a ,  s e v e r a l  s p e c i a l  cases' a r e  
considered i n  which one o r  more of t he  parameters a r e  known i n  advance of 
sampling. 
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FOREWORD 

This r e p o r t  p resents  r e s u l t s  of an  i n v e s t i g a t i o n  performed by the  
Department of S t a t i s t i c s ,  Univers i ty  of Georgia,  Athens, Georgia, as a 
p a r t  of NASA Contract NAS8-11175 wi th  the Aerospace Environment Of f i ce ,  
Aero-As trodynamics Laboratory,  NASA-George C. Marshall  Space F1 i g h t  
Center,  Hun t sv i l l e ,  Alabama. D r .  A.  C. Cohen, Jr. was the p r i n c i p a l  
i nves t iga to r .  The NASA c o n t r a c t  monitors a r e  M r .  0. E .  Smith and M r .  
J .  D.  Lifsey.  

The r e s u l t s  of t h i s  s tudy  r ep resen t  a con t r ibu t ion  i n  the area of 
s t a t i s t i c a l  e s t ima t ion  from compound (mixed) frequency d i s t r i b u t i o n s ,  
The methods presented a r e  s t r a igh t fo rward  and may be e a s i l y  adapted t o  
p r a c t i c a l  a p p l i c a t i o n .  
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TECHNICAL MEMORANDUM X-53245 

ESTIMATION I N  MIXTURES OF POISSON AND 
MIXTURES OF EXPONENTIAL DISTRIBUTIONS 

SUMMARY 

I n  the  a n a l y s i s  of experimental  da t a ,  many of t he  d i s t r i b u t i o n s  
encountered a r e  the r e s u l t  of combining two or  more s e p a r a t e  component 
d i s t r i b u t i o n s .  Est imat ion ih these  compound o r  mixed d i s t r i b u t i o n s  is 
t h e r e f o r e  of p a r t i c u l a r  i n t e r e s t  t o  aerospace s c i e n t i s t s .  Est imators  
a r e  der ived f o r  the  parameters of a compound Poisson d i s t r i b u t i o n  wi th  
p r o b a b i l i t y  dens i ty  func t ion  

and f o r  a compound exponent ia l  d i s t r i b u t i o n  wi th  p r o b a b i l i t y  dens i ty  
func t ion  

where a is  the  p r o p o r t i o n a l i t y  f ac to r  (0 5 a 5 1) and where p and A a r e  
component parameters.  I n  a d d i t i o n  t o  the  more gene ra l  case i n  which a l l  
parameters must be est imated from sample data ,  s e v e r a l  s p e c i a l  cases  a r e  
considered i n  which one o r  more of the parameters are known i n  advance of 
sampling . 

I. INTRODUCTION 

Many of the  d i s t r i b u t i o n s  encountered i n  the  a n a l y s i s  of experimental  
da ta  a r e  the  r e s u l t  of combining two or  more s e p a r a t e  component d i s t r i b u -  
t i o n s .  Accordingly,  es t imat ion  i n  these compound o r  mixed d i s t r i b u t i o n s  
is of p a r t i c u l a r  i n t e r e s t  t o  aerospace s c i e n t i s t s .  A previous paper [2] .  
d e a l t  w i t h  e s t ima t ion  i n  mixtures  of two Poisson d i s t r i b u t i o n s ;  these  
prev ious  r e s u l t s  are  extended here  t o  jinclude s e v e r a l  s p e c i a l  cases  
wherein one o r  more of the  parameters of the  compound Poisson d i s t r i b u -  
t im ~ r c  kmzi~, and i n  a d d i t i o n  analogous e s t ima to r s  a r e  der ived f o r  the  
parameters  of the  compound exponent ia l  d is t r i b u t i o n d  

The author  wishes t o  acknowledge the  a s s i s t a n c e  of M r .  Frank Clark 
f o r  h i s  work i n  e s t a b l i s h i n g  the  IBM 7094 computer program descr ibed i n  
Sec t ion  I V  and the  Appendix. 



11. MIXTURES OF TWO POISSON DISTRIBUT'IONS 

1. The P robab i l i t y  Density Function 

The p r o b a b i l i t y  dens i ty  func t ion  of a compound d i s t r i b u t & m  composed of 
two Poisson components wi th  parameters IJ. and A, r e spec t ive ly ,  combined 
i n  proport ions a and 1 - a may be w r i t t e n  as 

x = 0,1,2, . . .  

O s a l l  
(1) 

-A  f e-IJ. x e + (1 - a) x! f (x )  = a x!u 

For convenience and wi thout  any l o s s  of  g e n e r a l i t y ,  we assume p > A. 

2.  Three-Moment Est imators  

The following es t imat ing  equat ions r e s u l t  from equat ing the  f i r s t  
t h ree  f a c t o r i a l  moments of a s a m p l e  of s i z e  n t o  the corresponding 
t h e o r e t i c a l  moments, 

[21 G e - r = v  

' ~ 3 1  ;;(e2 - r) - re = 

where 

e = I J . + A  and 

and wh - r 

r = PA, 

the  sample f a c t o r i a l  moment ' [k]  is 

n 
X 

= f x(x - 1) ... (x - k + 1) - P I  n 7  
V 

x=o  

(3)  

iven by 

( 4 )  

2 
J 

. 
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i n  which R is  the l a r g e s t  observed (sample) va lue  of the random v a r i a b l e  
x ,  nx is the sample frequency of x, and 

R 

n =  1 n .  
X 

x=o 

For s i m p l i c i t y  of no ta t ion ,  Z has been w r i t t e n  i n  p lace  of V f l ]  f o r  the 
f i r s t  sample f a c t o r i a l  moment. 

On so lv ing  the l a s t  two equations of ( 2 )  s imultaneously f o r  r and e ,  
i t  follows that 

where the  a s t e r i s k  (7k) d i s t ingu i shes  es t imators  from the  parameters being 
es t imated .  The required es t imators  of p and A fol low as 

These es t imators  a r e  the two roo t s  rl and r2  of the quadra t i c  equat ion 

where p* = r l  and A* = r2, (rl > r2 ) .  The p r o p o r t i o n a l i t y  parameter a 
i s  es t imated  from the  f i r s t  equation of ( 2 )  as 2 = (2  - AJ')/(p7k - A*). 

3 
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The es t imators  given i n  equat ion (6) were o r i g i n a l l y  der ived by 
R i d e r  [3 ] ,  bu t  he employed o r d i n a r y . r a t h e r  than  f a c t o r i a l  moments w i t h  
the  r e s u l t  t h a t  h i s  de r iva t ions  were somewhat complicated and h i s  expres- 
s i o n s  f o r  e* and I? were more involved than those  given here .  

3. Estimators  Based on the  F i r s t  Two Sample Moments and the  Sample 
2 e ro- Brequen cy 

It is  we l l  known t h a t  the  h igher  sample moments a r e  s u b j e c t  t o  
apprec iab le  sampling e r r o r ,  and i n  an  e f f o r t  t o  reduce e r r o r s  from t h i s  
source ,  the e s t im , t ing  equat ion based on the  f i r s t  two sample moments and 
the  sample zero-frequency, was der ived [l] as 

i n  which 

G(A) = 

where no is the sample zero-frequency. Equation (8) can be solved f o r  
A** using s tandard  i t e r a t i v e  procedures and , wi th  A** thus determined , 
es t imators  of p and a fo l low as 

The double a s t e r i s k  (**) d i s t i n g u i s h e s  these  e s t ima to r s  from the  three-  
moment es t imators  and i n  tu rn  from the  parameters being es t imated .  
Unfortunately,  no simple procedure f o r  s o l v i n g  equat ion  (8) has been 
devised,  However, a computer program based on i t e r a t i v e  procedures 
described by Whittaker and Robinson [ 4 ,  Chap. VI] has been developed 
(see  Appendix) t o  so lve  equat ion (8), us ing  as a f i r s t  approximation 
the  three-moment es t imate  of A given  by equat ion  (6) .  .. 

(9) 

4 



4 .  Estimation With Some Parameters Spec i f ied  

a. a Known 

I n  t h i s  case,  w e  need only e s t ima te  p and A; f o r  t h i s  purpose, 
the  f i r s t  two equat ions of (2)  may be w r i t t e n  as 

where e and r have been replaced by t h e i r  de f in ing  r e l a t i o n s  as given 
i n  equat ion  ( 3 ) .  

With a known, we o b t a i n  the following quadra t i c  equat ion  i n  A 
from the two equat ions of (11): 

On so lv ing  equat ion (12) 

and from the  f i r s t  equat ion of (11) 

5 



b. a and Known 

I n  t h i s  case,A may be est imated from the  f i r s t  equat ion of (11) as 

c. a and h Known 

In this case,  i t  follows from equat ion  (11) t h a t  

2 - (1 - a ) A  p = 
a 

d .  JJ Known 

In t h i s  case ,  we may employ equat ions (11) t o  es t imate  a and A. 
Accordingly, from the  second equat ion of (11) 

and from the f i r s t  equat ion of (11) 

e .  A Known 

I n  t h i s  case ,  the  second equat ion  of (11) gives  

6 



and from the  f i r s t  equat ion of 

z - A  
p * - A '  

2 =  

111. MIXTURES OF TWO EXPONENTIAL DISTRIBUTIONS 

1. The P r o b a b i l i t y  Density Function 

I n  many r e spec t s  the  exponent ia l  d i s t r i b u t i o n  may be thought of a s  
a continuous analog t o  the  d i s c r e t e  Poisson d i s t r i b u t i o n .  I n  any event ,  
!es t imat ing equat ions i n  mixtures  of two exponent ia l  d i s t r i b u t i o n s  q u i t e  
c l o s e l y  p a r a l l e l  the  es t imat ing  equations considered i n  Sec t ion  I1 f o r  
mixtures  of. two Poisson d i s t r i b u t i o n s .  I! Consider a compound exponent ia l  
d i s t r i b u t i o n  wi th  p r o b a b i l i t y  densi ty- i funct ion 

The nonessen t i a l  r e s t r i c t i o n  t h a t  p > A i s  imposed as a ma t t e r  of con- 
venience and without  any loss of g e n e r a l i t y .  

The k t h  noncentral  moment of x i s  

Accordingly,  the f i r s t  t h ree  noncentral  moments are 



2 .  Three-Moment Est imators  

When the f i r s t  t h r e e  noncentral  sample moments, designated v;, v k  
and vi, r e s p e c t i v e l y ,  w i t h  v; = Z, a r e  equated t o  the  t h e o r e t i c a l  
moments of ( 2 3 ) ,  w e  o b t a i n  the es t imat ing  equat ions 

ii - h = a ( p  - A) 
1 

3 - A2 = a($ - A2) 

5 - A3 = a(p3 - h3) 

2 

I 

6 

These kquations d i f f e r  from the corresponding equat ions f o r  mixed Poisson 
d i s t r i b u t i o n s  only i n  t h a t  y L f 2  and v'16 have replaced the  f a c t o r i a l  
moments V L ~ I  and V i 3 ]  of the mixed Poisson d i s t r i b u t i o n .  2 

On e l imina t ing  a between the f i r s t  and second and between the  f i r s t  
and t h i r d  equations of ( 2 4 ) ,  we s impl i fy  t o  o b t a i n  

which a re  completely analogous t o  the l a s t  two equat ions of (2)  i n  the  
case of mixed Poisson d i s t r i b u t i o n s .  Here, as i n  the Poisson case ,  9 
and r a r e  defined by equat ion ( 3 ) .  Accordingly,  on so lv ing  the  two 
equat ions of ( 2 5 )  simultaneously,  we have as e s t ima to r s  of 8 and I? 

6 8" = 

2 9 

r* = 
2 

which a re  analogous t o  equat ion (5) f o r  t he  mixed Poisson d i s t r i b u t i o n .  

8 



F i n a l l y ,  w i t h  e* and r* determined from ( 2 6 ) ,  p* and -A* fo l low 
from equat ion  (6) as i n  the  Poisson case, and 3 fol lows from the  f i r s t  
equat ion of (24) as 

3. Est imat ion  With Some Parameters Spec i f ied  

a. a Known 

We need only r ep lace  v w i t h  v k / 2  and the  quadra t i c  equat ion 
of (12) becomes, f o r  the  presenk2!ase, 

Accordingly,  

b.  a and u Known 

I n  t h i s  case,  the est imator  f o r  h follows from the  f i r s t  equa- 
tion of ( 2 4 )  as 

(35) 

which is  i d e n t i c a l  with the  corresponding est imator ,  equa t ion  (15), i n  
t h e  Poisson case.  

9 



c. a and A Known 

I n  t h i s  case,  i t  follows from the  f i r s t  equat ion of (24) that 

7 k - E -  (1 - a )  A 
P -  N u 

d .  A Known 

In  t h i s  case,  we need only r ep lace  Y[,,,] i n  equat ion  (19) w i t h  
~ : / 2  and, accordingly,  

IV. COMPUTATIONAL PROCEDURES 

The s o l u t i o n  of the  t ranscendenta l  e s t ima t ing  equat ion (8) from 
Sect ion I1 provides an  i n t e r e s t i n g  i l l u s t r a t i o n  of i t e r a t i v e  numerical 
computational techniques descr ibed by Whit taker  and Robinson ( loc .  c i t . ) .  
To f a c i l i t a t e  s o l u t i o n  of equat ion (8), t he  denominator of the l e f t  s i d e  
i s  interchanged wi th  the  numerator of the  r i g h t  s i d e ,  and the  r e s u l t i n g  
equat ion becomes 

z - A  = 
-A no/n - e 

where G(A) remains as 

G(A) - A 
-G(A) -A  ' e - e  

given by equat ion (9) .  

(34) 

10 



Equation ( 3 4 )  might be condensed t o  the  form L(A) = R(A) where 

f - A  
no/n - e -A  e - e  -A L(A) = ( 3 5 )  

The two func t ions  L(A) and R(A) are  e s s e n t i a l l y  as p l o t t e d  below. 

We begin wi th  a n  i n i t i a l  approximation and i t e ra te  toward t h e .  
value A** as descr ibed by Whittaker and Robinson [ 4 ,  pp.  81-83]. The 
three-moment estimate of A given  by equat ion ( 6 )  of Sec t ion  I1 provides 
a s a t i s f a c t o r y  va lue  f o r  b. This i n i t i a l  approximation is s u b s t i t u t e d  
i n t ?  t h e  second equat ion of ( 3 5 )  t o  o b t a i n  G, which is merely a n  
abbreviated n o t a t f n n  fnr R-&) e We then so lve  the equa t ion  

11 



t o  o b t a i n  Al, t he  next  approximation. 
times as necessary t o  a t t a i n  the des i r ed 'deg ree  of accuracy. 
( 3 6 )  is i t s e l f  a t ranscendenta l  equat ion ,  though somewhat s i m p l e r  i n  
form than the o r i g i n a l  equat ion ( 3 4 ) .  It is  amenable t o  s o l u t i o n  by 
the  Newton-Raphson mefhod [ 4 ,  pp. 8 4 - 8 6 ] .  

This  cyc le  is repea ted  as many 
Equation 

For the  i t h  cyc le  of i tera-  
f i o n ,  t he  equat ion corresponding 

ii - Ai 
L(hi) = - A i  no/" - e 

which may be w r i t t e n  as 

where 

-A, 
f(Ai) = hi - R i- 1 e - ci-l 

and 

( 3 7 )  

c i- 1 = ( % -  Ri,l no/n> 

Equation ( 3 7 )  may be r e a d i l y  solved us ing  the  Newton-Raphson method, 
where hi:r+l, the  ( r  + 1)st  i t e r a n t  t o  A i ,  i s  g iven  by 

The f i r s t  d e r i v a t i v e  of f (Ai)  fol lows from equat ion  ( 3 8 )  as 

-A, 
f l (A i )  = 1 + Ri,l e . 

12 



Accord ing 1 y , 

A's an i n i t i a l  approximation hi:-, t o  A i ,  i t  w i l l  u s u a l l y  be satis-  
The Newton-Raphson i t e r a t i v e  technique is f a c t o r y  t o  l e t  Ai:0 = A j r l .  

continued through as many cyc les  as necessary t o  a t t a i n  the des i r ed  
accuracy i n  A.. More s p e c i f i c a l l y ,  t h i s  procedure is terminated a t  the  
end of t he  r t h  cyc le ,  t he  f i r s t  cycle f o r  which 

where s p e c i f i e s  the maximum permissible  abso lu t e  va lue  dev ia t ion .  
With A i  thus determined, we c a l c u l a t e  R i ,  s e t  up the  new equat ion  

and Continue the  primary r o u t i n e  through k cycles .  
f i r s t  f o r  which 

The k t h  cyc le  is the  

where tj2 s p e c i f i e s  the maximum al lowable abso lu te  va lue  dev ia t ion .  
r equ i r ed  e s t ima te  of A .is then 

The 

c 
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v. ILLUSTRATIVE EXAMPLES 

1. Mixed Poisson D i s t r i b u t i o n  

To i l l u s t r a t e  the a p p l i c a t i o n  of h i s  three-moment e s t ima to r s ,  
Rider [ 3 ]  chose an  example constructed by mixing equal  propor t ions  of 
two Poisson d i s t r i b u t i o n s  wi th  IJ. = .1.5 and A = 0.5,  r e s p e c t i v e l y .  
data  a r e  as follows: 

These 
I 

15 

I n  summary, n = 2,000, no = 830, f = 0.9995, vL2] = 1.243 and vp.1 = 1.734. 
Direc t  s u b s t i t u t i o n  of these  va lues  i n t o  equat ions (5) and (6) y i e l d s  the 
three-moment es t imates  

p* = 1.4766563, 

A’k = 0.47765894, 

2 = 0.52236479. 

The above r e s u l t s  d i f f e r  s l i g h t l y  from those g iven  by Rider due, 
apparent ly ,  t o  small round-off e r r o r s  i n  h i s  c a l c u l a t i o n s .  

frequency, ca l cu la t ed  by a computer programsof the r o u t i n e  descr ibed i n  
‘ S c t i o n  I V Y  a re  

I 

I 
Estimates based on the f i r s t  two sample moments and t h e  s a m p l e  zero- 

IJ.** = 1.4936, 

A*’~ = 0.4956, 

&’k = 0,5049. 

14 
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These es t imates  a r e  i n  much c lose r  agreement wi th  the a c t u a l  populat ion 
parameters p = 1.5 ,  A = 0.5, and a = 0.5 than the  three-moment es t imates .  
Inves t iga t ions  a r e  cont inuing wi th  regard t o  the  r e l a t i v e  e f f i c i e n c y  of 
t h e  three-moment and the two-moment p lus  zero-frequency e s t ima tes ;  b u t  
a t  l e a s t  i n  the  p re sen t  ins tance ,  where a l a r g e  propor t ion  of the  popula- 
t i o n  is  i n  the  zero  c l a s s ,  the two-moment plus  zero-frequency e s t ima tes  
seem t o  be p re fe r r ed .  

2 .  Mixed Exponential  D i s t r ibu t ion  

To i l l u s t r a t e  the  a p p l i c a t i o n  of es t imators  der ived i n  t h i s  case ,  a 
sample  of 2000 observat ions was se l ec t ed  from a mixed populat ion cons t ruc ted  
by combining two exponent ia l  d i s t r i b u t i o n s  wi th  IJ. = 2 ,  A = 1, and a 
Data f o r  the sample s e l e c t e d  a r e  summarized as follows: n = 2,000, 
2 = 1.42,  V ;  = 4.38, and v> = 21.6. 

0.4. 

Direc t  s u b s t i t u t i o n  of these  da t a  i n t o  equat ions (26), (6 ) ,  and 
( 2 7 )  y ie lds’  as three-moment es t imates :  

A* = 1.02, 

= 0.48. 
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APPENDIX 

FIND - A Computer Program 

BY 

Frank C. Clark 

FIND is a F o r t r a n  I V  computer program which c a l c u l a t e s  es t imates  f o r  
t he  parameters a, p, and A of a compound (mixed) Poisson d i s t r i b u t i o n .  
These es t imates  are  ca l cu la t ed  from (1) the  f i r s t  t h r e e  sample moments 
and (2) t he  f i r s t  two 'sample moments and the  sample zero-frequency. 

I n  f ind ing  A f o r  the second case,  t he  fol lowing equat ion  is solved:  

no/n - e -A  
2 - A  = 

G(A) - A ,-G(A) - e-A ' 

where 

and V i 2 ] ,  Z, and no/n a r e  known constants .  
Raphson and geometr ical  i t e r a t i o n  methods [ 4 ]  i n  so lv ing  the  equat ion.  

FIND makes use of the  Newton- 

FIND r e q u i r e s ,  f o r  each data sample, input  va lues  f o r  %, no/n, V 121 
and ~ 1 ~ 1 ,  punched on a s i n g l e  card.  
k < 500 cyc les  u n t i l  the  abso lu te  e r r o r  of equat ion  (40)  is less than 
0.00001, i . e . ,  u n t i l  

I t e r a t i o n  cont inues through 

1 %  - RJ < 0.00001. 

is --c --+ ,.h,- U W L  , , L G L  W I I G I I  k = 500, the  message "cmp1ete. l  5nn -rc L L 2 -  ---zA--:- 
IL UILS C L L L C L L Q  

i t e r a t i o n s  wi th  no success" is  given and the program s tops .  Should 
g r e a t e r  accuracy be r equ i r ed  i n  the estimate of A, appropr i a t e  change 
should  be made i n  t h e  source  program card "TOL = .OO . . . . II 
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FIND p r i n t s  ou t  the  following: 

1. Values of t he  index, i. 

2. Values of A i n  the  Newton-Raphson i t e r a t i o n .  

3 .  Values of 

ERROR = TEST 1 - TOL, 

where 

TEST 1 = (Li : r  - R I .  i- 1 

4 .  a, p, 'and A based on the  f i r s t  t h r e e  sample moments, 
(This va lue  of A is used as the  f i r s t  approximation i n  
the  Newton-Raphson process . )  

5. a, p, and A based on the  f i r s t  two sample moments and the  
sample zero-frequency. 

18 



F!ND (FORTRAN I V )  

C . * * * .ESTIMATION I N  MIXTURES OF TWO POISSON D I S T R I B U T I O N S  

I D IMENSION L A M ( 4 0 0 0 )  
REAL MU9NUEZ,NUE39NON9LAM,L,LAMBDA,MU1 

1 READ( 5 9 2  I XRAR,NON*NUE2,NUE3 
2 FORMAT(4F10.5)  

THET = (NUE3-XBAR*NUE2) / (MIJF2-( XBAR**7 ) ) 
CLAM = XRAR*THET-NUE2 
MU = ( T H F T + S O R T ( T H E T * * ~ - ~ O ~ ~ C L A ~ ~ ) ) / ~ . ~  
1 = 1  
L A M ( I ) =  ( T H E T - S Q R T ( T H E T * * 2 - 4 . 0 * C L A M )  ) / 2 . 0  
N=O 
A L P H A l =  ( X B A R - L A M ( I ) ) / ( M U ' L A M ( I ) )  
K=O 
G = (NUE2-XBAR*LAM(I  1 ) / ( X R A R - L A M (  I) 1 
N=N+1 
R = (G-LAM(I))/(EXP(-C)-FXP(-LAM(I))) 

9 C = (XBAR-NON*R) 
1 0  K = K + l  

L A M ( I + I )  = L A M ( I ) - ( ( L A ~ I I ) - R * F X P ( - L A M ( I ) ) - C ) / ( 1 . O + R ~ F X P ~ - L A M ~ I ) ) ) )  
L = ( X B A R - L A M ( I + l ) ) / ( N O N - F X P ( - L A ~ ( I + l ) ) )  
TOL = 0 0 0 0 0 1  
TEST1 =, A B S ( L - R )  

C . . . . .e  

6 0  FORMAT(1H 91595X9E15.89E15.8)  
ERROR = TEST1  - T O L  
W R I T E ( 6 9 6 0 ) 1 9 L A M ( I ) 9 E R R O R  
IF ( T E S T l - T O L ) 2 0 9 1 5 * 1 5  

GO TO 10 

R = ( G - L A M ( I + l )  ) / ( E X P ( - C ) - F X P ( - L A M ( I + 1 ) ) )  
TEST7 = A R S ( L - R )  
I F  ( T E S T 2 - T O L ) 3 @ 9 2 5 9 2 5  

K = O  
GO T O  9 

23  I= I+1  

2 0  G = ( N U E 2 - X R A R + L A M ( I + l ) ) / ( X B A R - L A M ( I + l ) )  

24 I = I + 1  

C ...... 
1 5  I F ( 5 0 0 - K ) 2 2 , 2 2 , 2 3  
2 5  I F ( 5 0 0 - N ) 2 2 9 2 2 9 2 4  
2 2  W R I T E ( 6 9 2 8 )  
2 8  FORMAT(42H1CCYPLETED 500 ITERATIONS WITH NO SUCCESS) 

60 TO 1 9 0  
3 0  M ' J 1  = (NUEZ-XBAR+LAM( I + 1 )  ) / ( X ' ? A R - L A M (  I+1)  

LAMBDA = L A Y ( I + l )  
ALPHA2 = ( X R A R - L P M ( I + l ) ) / ( M U l  - L A M ( I + l ) )  

c ...... 
W R I  TE ( 6  950  1 

W R I T E ( 6 9 5 1 ) M U 9 L A M ( l ) , A L F H A 1  
rUKI* IA I I l i j H O  
WR I TE ( 6 952 1 

5 0  F O R M A f ( 3 9 H l E S T I M A T E S  BASED CN F IRST THREE MOMENTS) 

5 i  r n _ . " . - . -  

5 2  FORMAT(74HOESTIMATES BASED ON F IRST TWO SAMPLE VO'4ENTS AND THE ZER 

M U  = E15.891CH LAMBDA = E15.899H ALPHA = E15.8)  

10 SAVPLE FREO'JENCY) 
W R I T F ( 6 , 5 3 ) M U l , L A M R D A , A L P H A 2  

GO TO 1 

END 

5 3 FORVAT ( 11HO MU = E15.8910H LAMBDA = F15.8, lOH ALPHA = E15.8)  

. 100 STOP 
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